Chapter 12: Introduction to the Laplace Transform

12.1 Definition of the Laplace Transform
The Laplace transform is used to transform a set of integrodifferential equations from the
time domain to a set of algebraic equations in the frequency domain.

[0e]

L{f(D)} = f f(t)e stdt where F(s) = L{f(t)}

0

Since we only consider for positive values of time it is often referred to as the one-sided
or unilateral Laplace transform.

Since f(t) may have a discontinuity at the origin we T @

use 0" and 0" to refer to the values just before and just
after the discontinuity. 10 ”
0" includes the discontinuity —
0" excludes the discontinuity o . 0 ‘
(a) (b)
We will use 0" to do our evaluation but ignore the values for t < 0, since we consider
that to be handled by the initial conditions.

Two —types
Functional: the Laplace transform of a specific function (i.e. sinwt or t)

Operational: defines a general mathematical property of the Laplace transform (i.e. f'(t))

12.2 The Step Function
Defined as Ku(t)where

Ku(t) =0fort<0 7@
K
Ku(t) =K fort >0
When K =1, we have the unit step o
It is undefined at t = 0, if we must define e
assume linearity and Ku(0) = 0.5K -
t
For a discontinuity that occurs at a time other '
thant =0 for examplet=a .
Fora>0
Ku(t—a)=0fort<a 05K
= !
Ku(t—a) =K fort >0 o-o*
Fora<O0

Ku(a—t) =K fort<a and Ku(a—t)=0fort>a
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Step functions can be used to write a mathematical expression that is non-zero for a
finite duration and is defined for all positive values.
EX. Ku(t — 1) — u(t — 3) this expressionis Kfor 1 <t < 3 else 0

Think u(t — 1)turns “ON” the function to K at t = land u(t — 3)turns “OFF” the
functionto K att = 3.

Review example 12.1

12.3 The Impulse Function
Allows for the definition of the derivative at a discontinuity.

An impulse is a signal with infinite amplitude and zero duration.

For the derivative of a function at a discontinuity a2 Aot - 30 e e
assume the function varies linearly across the £(0)
discontinuity.

For the function in figure 12.8 as e approaches zero, -
(where € is a variable value parameter) i W \

) ) 1
The derivate between ¢ is constant at S€

And —ae~*=® for t > € as shown in Figure 12.9

As € — 0; between +e
The value of f'(t)becomes infinite 2 1
The area under f'(t) is constant (unity here)

The duration approaches zero 0 /
Unit impulse function; denoted &(t) (aka Dirac oL

delta function)

If the area under the curve is other than unity, the function is denoted K& (t) where K is
the area and is referred to as the strength of the impulse function.

Review
An impulse function is created from a variable-parameter function whose parameter
approaches zero; the variable-parameter function has the following characteristics:
e The amplitude approaches infinity
e The duration of the function approaches zero
e The area under the function is constant as the parameter changes
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Mathematical definition of an impulse function:
f Ké(t)dt =K and &) =0fort+0

The area under the ir_npulse function is constant and the function is zero everywhere
butatt=0.

ation of the impulse K1) and K 5( - )

For an impulse at t = a; the impulse is written

Ké(t—a) (K)«I» (ml

Graphically the symbol of an impulse function is
an arrow with its strength (K) next to it. Y e

Sifting property
| rwse-wd=r@

Thus the impulse function sifts out everything except the value of the function att = a.
This is valid since §(t — a) is zero everywhere butt =a

Using the sifting property to find the Laplace transform of the impulse function...
L{§(Y)} = f S(t)estdt = f s(Hdt=1
0~ 0~

Finding the Laplace of the derivative of 212 e .
- - - - deriv: Hh \mp \ (b) Th ( |d n!hal 8 (ase—0.

the impulse function; given the derivate o

from figure. 1)

0~ Q-”ul 4- 2t
R
£(5' (0} = lim j et

—€ 11/€

0 + (b)
e o S . et s s
- eS€ + e7S€ — 2 - seS€ — ge~S¢€ - Szesg+sze_se
= lim 2 = lim|[——| =1lim =5
€0 S€ €0 2S€ €0 2s

General form for the n™ derivative
L{S(“)(t)} =s"

Another way of expressing the impulse

50 du(t)

dt

12.4 Functional Transforms
The Laplace transform of a special function of t
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oo oo
e St 1
i) L{u(D)} = f f(t)e-stdt = f le~stdt = ==
-5, S
0~ ot
o 9]
ii.) L{e 3} = f e e Stdt = f e~ @+stde =
s+a
0~ ot
oo o
elot _ g—jowt e(s—jm)t _ e—(s+jm)t
iii.) L{sinwt} = f - eStdt= f : dt
2j 2j
0~ ot
1 ( 1 1 ) W
2j\s—jow s+jw) s?+w?
TABLE 12.1  An Abbreviated List of Laplace Transform Pairs
Type f(O(@>0-) F(s)
(impulse) 8(t) 1
1
(step) u(t) "
(ramp) t 4
amp 2
(exponential) e 1
s+a
. - w
(sine) sin wt Z+ o
. s
¢ L
(cosine) cos @ 24 o
(damped ramp) te™ 2 _i pe
(damped sine) e ¥ sin wt S R—
SPEs (s + a)* + o?
(damped cosine) e cos wt S
A (s + a)* + o?
Copyright © 2011 Pearson Education, Inc. publishing as Prentice Hall
h , , b ducation, Inc.
sematmE, e R

All rights reserved.

12.5 Operational Transforms

How mathematical operations performed on f(t) or F(s) are converted into the opposite
domain.

Multiplication by a Constant

If L{f()}=F(s) then L{kf(t)}=kF(s)

Addition (Subtraction)

Li{f1(©)} = Fi(s); L {f>2(0)} = F,(s); L3{f3(0)} = F5(s)
Li{fi(®) + (1) — f3(O)} = F1(s)+ F>(s) — F5(s)
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Differentiation

df(t) f [df(t) e Stdt = sF(s) — f(07)

*Solved above using integration by parts: u = et and dv = [df (t)/ dt] dt

If gt = %(tt) then G(s)=sF(s)— f(07)

df (07)
dt

dg(t) f [ detgt)l e™Stdt = s?F(s) — sf(07) —

General form:

L{w} = S"F(s) — s"LF(07) —

W, df(0) d2f(07)  dMF(07)
S —— — —— — —————————————
dtm

dt S dez 7 den-1

Integration
Integration in the time domain corresponds to division by s in the frequency domain

L fx)dx = | [f(x)dx]e stdt
ey

i
Integration by parts
t

_e—st

u= f[f(x)dx] and dv = e S'dt thus du= f(t)dt and v =

0-
[ee)

t t
—e St —st F
L{ff(x)dx} = es f(f(x)dx) + fes F(O)dt :g
0~ 0- 0~

Translation (time domain)
Translation in the time domain is the same as multiplication by an exponent in the
frequency domain.

LIf(t —a)u(t —a)} = e *F(s) fora>0
Thus given:

—as

1
L{tu(t))} = 2 then L{(t —au(t—a)} = esz

Proof:

oo

L{f(t —au(t —a)} = f u(t —a)f(t—a)e stdt = f f(t —a)e stdt

0~ a
The limits change since the unit step = 1 for t > a and zero everywhere else.
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Changing the variable of integration
x=t—a;x=0whent=0and x = oo fort =00 dx =dt

L{f(t—a)u(t —a)} = f f(x)e sE+Ady = g=as f f(x)e™¥dx = e"*F(s)

Translation (frequency domain)
Translation in the frequency domain is the same as multiplication by an exponent in the

time domain.
L{e™f()}=F(s+a)
Ex.
L t} = ———
{cos wt} T o2
3 s+a
L{e at cos a)t} = m

Scale Changing

1 /s
L{f(at)} = =F (—); a>0
a a
EX.
L{cost} =
s2+1
1 S
Py S
L{coswt} =— g) == >
a ( S ) +1 S +w

w
TABLE 12.2  An Abbreviated List of Operational Transforms
Operation S F(s)
Multiplication by a constant Kf(t) KF(s)
Addition/subtraction fi@®) + H@) — f3(t) + - Fi(s) + Fx(s) — B(s) + -+
e af (o) i

irst derivative (time) = sF(s) — f(07)
2 -
Second derivative (time) d(zgt) s2F(s) — sf(07) — df((i? )
o dnf (1) e s nadf(0)
nth derivative (time) an s"F(s) — s"'f(07) — & i
Y N e (D)
s s
dr? dr!

Copyright © 2011 Pearson Education, Inc. publishing as Prentice Hall
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TABLE 12.2  An Abbreviated List of Operational Transforms

Operation §iG) F(s)
o ! F(s)
Time integral f(x)dx —
0 s
Translation in time ft — ayu( —a),a >0 e “F(s)
Translation in frequency e1f(1r) F(s + a)
1
Scale changing f(at),a > 0 ;F(Z)
: T dF(s)
First derivative (s) tf(t) -
ds
T d"F (S)
nth derivative (s) t"f(t) (="
t %
s integral Q / F(u)du
s

Copyright © 2011 Pearson Education, Inc. publishing as Prentice Hall

12.6 Applying the Laplace Transform
The Laplace transform can be used to solve an ordinary integrodifferential equation.

The equation at the node for the RLC circuit:

v(t
() f v(x)dx +C#—Idcu(t)
Transformlng to s-domain
vV 1V 1
) 2V 4 Clsv(s) = (0] = Fe s
R L
Solving for the unknown:
lac
1 Idc S
V(s) + —+sC - V(s)=
sk S ST s e
RC*TIC

Then return the function to the time domain

v(t) = L7V ()}
The equation will need to be checked for validity.

Note: For clarity the notation is normally simplified by removing the parenthetical
references i.e.

Lv}y=Vorv=L"YV} L{f}=For fv=L"YF}

12.7 Inverse Transforms
Rational function: one that can be expressed in the form of a ratio of two polynomials
in s such that no nonintegral powers of s appear in the polynomials

General form:
N(s)  aps™+a,_1s" '+ --asst +ag
" D(s)  bps™+ by_1s™ L+ byst+ b,

Where a and b are real constants; and m and n are positive integers
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Proper rational function: ifm > n
Improper rational function: if m < n
Only a proper rational function can be expanded as a sum of partial fractions.

Partial Fraction Expansion: Proper Rational Functions

A proper rational function is expanded into a sum of partial fractions by writing a series
of terms for each root of D(s).

s+6
s(s +3)(s+ 1)?

Example

The denominator has 4 roots; two distinctat s = 0 & s = —3; one repeated at s = —1
Yielding a partial fraction expansion of

s+6 K, K, K K,

s(s+3)(s+1)2= S +s+3+(s+1)2+s+1

Now we must find the values for the constants. The method must be developed for the
four general forms of an equation (or more accurately, its root type).

1. Real and distinct 2. Complex and distinct

3. Real and repeated 4. Complex and repeated

Note: The partial fraction expansion is identical to the original equation; therefore both
sides must be equal for all values of s.

Partial Fraction Expansion: Distinct Real Roots of D(s)

Steps for determining the coefficients
i. Multiple both sides of the expression by a factor equal to the denominator
beneath one of the K values
ii. Evaluate both sides at the root corresponding to the multiplied factor
iii. The right side of the equation will give the K being determined while the left
its numerical value.
iv. Repeat the above steps for all remaining denominators

96(s +5)(s+12) K K, K;
s(s+8)(s+6) s s+8 s+6

Example F(s) =

Multiple both sides by s then evaluate for s =0

96(s +5)(s +12) sK, sKz
(s+8)(+6) ' s+8 s+6
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96(5)(12) .
—a) - =120

Repeating for s + 8 and s = -8

96(s +5)(s +12) Ki(s +8) K K;(s + 8)

s(s+6) s 2 s+6

96(—3)(4

BEID _
—8(—2)

Again fors+6ands=-6

96(s +5)(s+12) K;(s+6) K,(s+6)
= + +
s(s+8) s s+8

96(—1)(6) _

= K., = 48

—6(2) :

Therefore

96(s +5)(s +12) _ 120 N 48 72
s(s+8)(s+6) s s+6 s+8

The validity of this solution needs tested; can pick any value for s (try a root of N(s))

F(s) =

120 48 72
Testing with s = —5: —+———==-24+48-24=0
-5 1 3
Testi iths = —12 120+48 72 _ 10-8+18=0
esting with s = : St =

Since the equation appears valid we would then perform the inverse transform to the
time domain

96(s +5)(s +12)
-t = (120 + 4875 — 7278 )u(t
{s(s+8)(s+6) (120 + 48e e u(®)
Review assessment problem 12.3
Partial Fraction Expansion: Distinct Complex Roots of D(s)

The same steps are used for distinct complex roots as for real roots only there will be
complex values.

I Pls) 100(s + 3)
xampre: 5= (s + 6)(s% + 65 + 25)
Where s2+6s+25=(s+3—j4)(s+3+j4)
100(s + 3) K, K, K

= + +
(s+6)(s?+6s+25) s+6 s+3—j4 s+3+j4
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Solving for the constants
100(s +3)  100(-3) _

1= (sZ+6s+25) 25

—12

100(s +3) _ 100(j4)

— — =6—i8=10 —j53.13
2T G+ 6)+3+j4)  (3+H)(8) J ¢

100(s +3) _ 100(—j4)

K; = = =6+ j8 = 10e/5313
3T G+6G+3-j4)  B—jH(8) / ¢

Thus
100(s + 3) —12 102 —53.13° 10£53.13°

G+6)(s2+65+25) 546 s+3-j4 ' 5+3+j4

Observe that the constants of the complex roots t are conjugated pairs just like the roots.

Again the solution should be tested for validity.
—-12 104 -53.13° 4 104£53.13°

CR—) j4

For s = —3; =—4+2+j15+2-j15=0

Taking the inverse
-t 100(s + 3)
(s +6)(s? + 65+ 25)
— (—128_6t + 10e—j53.13°e—(3—j4)t + 1oej53.13°e—(3+j4)t)u(t)

Simplifying by adding the conjugated pairs

107753137 =G4 4 1(I5313°g=BHAE = 103t (g/(4-5313) 1 o-j(46-53137)
= 20e7 3t cos(4t — 53.13°)

. 100(s + 3)
{(s + 6)(s? + 65 + 25)

} = (—12e7% + 20e~3¢ cos(4t — 53.13°))u(t)

Now whenever D(s) contains complex roots we can write the factor form as:
K K*
—+ ,
st+a—jf s+a+jp
Where the inverse transform is:
(K K
) B S
s+a—jf s+a+jp

} = 2|K|e %t cos(Bt + )

Partial Fraction Expansion: Repeated Real Roots of D(s)

Steps for determining the coefficients
i. Multiple both sides by the root with multiplicity r to the r™ power.
ii. Evaluate both sides at the root corresponding to the multiplied factor
iii. To find the next constant for the root r-1; differentiate both sides.
iv. Evaluate both sides at the root
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v. Repeat steps 3 and 4 until all the repeated roots have been accounted for.

100(s +25) K; K, K, K,

E le: F(s) = =—
xampte (s) s(s +5)3 S +(s+5)3+(s+5)2+s+5

Multiplying by s and solving for s = 0;
_100(s +25)  100(25) _
YT (s+5)3 0 5 T
Multiplying by (s + 5)3and solving for s = —5;

100(s +25)  Ki(s+5)°

. + K, + K3(s +5) + K,(s + 5)2

S
100(20)
——— =K, = —400

To solve for (s + 5)%we need to differentiate and solve for s = —5

3
[1—00(5 T 25)] o l—Kl(s EO) Ky 4 Ka(s+5) + Ky(s + S)ZI

—(s+25 100(—25

100 [L] _ 100(=25) _
(=5)?

To solve for s + 5 we need to differentiate again and solve fors = =5

ds
—-100

100(s + 25)] d? [Ky(s + 5)°

ds[ +K2+K3(s+5)+K4(s+5)zl

25 100 25

1
00 (253 2(=5)3

Thus
100(s + 25) _ 20 400 100 20

) ==GT87 =5 G457 (157 s+5

Once again test for validity and take the inverse if valid

1 {100(5 + 25)

s(s +5)3 } = (20 — 200t2e5¢ — 100te >t — 20e ) u(t)

Partial Fraction Expansion: Repeated Complex Roots of D(s)

Same as the repeated real roots but with complex numbers.

768 B 768
(s24+65+25)2  (s+3—j4)2(s + 3 +j4)?

Example F(s) =
Expanding
768
(s+3—j4)%(s+ 3 +j4)?
_ K, n K, Ky + K;
(s+3-j4)2 s+3-—j4 (s+3+]4)2 s+3+j4
Need to evaluate for K;& K,
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) 768 768 .
For s = =3 + j4: Kl:(s+3+j4)2=(]8)2=_12 - Kf=-12

Taking the derivative and solving for s = —3 + j4:

d 768 2(768) 2(768) .
Kz:_[—-]:_—-Z— s = J3=34-90°
dsl(s+ 3 + j4)? (s +3+j4)3 (j8)3

K; = j3 =3290°
Rewriting

F(s) =

[ —-12 4 —-12 ]+( 324 —90° N 3490°>
(s+3—-j4)? s+3—j4 (s+3+j4)? s+3+j4

Taking the inverse transform
f(t) = [-24te 3 cos4t + 6e 3 cos(4t — 90°)Ju(t)

Note:
If F(s) has a real root a of multiplicity r in the denominator the expansion looks like:

r—1e—at

m with the inverse (r_—l)'u(t)

If F(s) has a complex root a of multiplicity r in the denominator the expansion looks
like:
K K*

Gta—Jpy  Gratipy

with the inverse

21Kt
me cos(ft + 0)|u(t)

Partial Fraction Expansion: Improper Rational Functions

An improper rational function can be expanded into a polynomial plus a proper rational
function. The polynomial is then transformed into impulse functions and derivatives of
impulse functions. The proper rational function transformed as before.

s* +13s3 + 66s2% + 200s + 300

. . . s2+9s+20 .
Divide the denominator into the numerator until the remainder is a proper rational

function.

Example F(s) =

30s + 100

F(s)=s?+4s+10 4+ ——1 ——
(5) = 5% +4s sZ + 9s + 20

Expand the proper rational function into a sum of partial fractions:
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30s + 100 _ 30s + 100 _—20+ 50
s2+95+20 (s+4)(s+5) s+4 s+5

Substitute the partial fraction back into the equation
F(s)=s?+4s+10 20+50
=S s s+4 s+5

Now find the inverse transform

dzs dé
f(t) = dtgt) + 4 d(tt) +105(t) — (20e™* — 50e~5)u(t)

12.8 Poles and Zeros of F(s)
A rational function can be expressed as a ratio of two factored polynomials:

N(s) K(s+z)(s+2z)(s+2,)

F) = e = Gt ) G

Where K is the constant Z—”
The poles of F(s) are the roots of the denominator

The zeros of F(s) are the roots of the numerator

Plotting the poles and zeros of F(s) may be useful.
s plane

10(s +5)(s+3—j4)(s+3+j4) 6+j8 X————
s(s+10)(s+6—j8)(s+ 6+ j8)

ex. F(s) =

TTTTTTTI
wn

When plotting in the s-plan the x-axis is the real

I N I

values and y-axis the imaginary

10

X’s are used to represent poles

~ |
TTTTTTTT

0's are used to represent the zeros T - ) A R—

Note: for the text we look at the pole and zeros in a finite plane.

12.9 Initial- and Final VValue Theorems
Let us use F(s) to determine the behavior of f (t) at 0 and co. We can check the initial
and final values of f (t) to see if it conforms with the known behavior before we take the
inverse transform

initial — value theorem: tlirg1+ f(t) =lim sF(s)
- S—00

final — value theorem: gl_)rg f() = !Sl_r% sF(s)
Assumptions
Initial-value theorem
i. f(t) has no impulse functions
ii. Only valid if poles of F(s) are in the left half of the s-plane (except for a
first order pole at the origin)
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Final-value theorem
i.  Only valid if poles of F(s) are in the left half of the s-plane (except for a

first order pole at the origin)
(Can review proof in the book)

The Application of Initial- and Final-Value Theorems
100(s + 3)

(s +6)(s?+ 65+ 25)

For F(s) =
and f(t) = (—12e7¢ + 10e7/5313°e=B-JDL 4 10e/5313°e =B D)y (1)

initial — value theorem:

3
s (s) = 1 100s(s + 3) | 1005 (1+5)
msr(s) =1m = lIm
s—00 s—00 (S + 6)(52 + 65 + 25) §—00 9 9 E
ss(1+9)(1+3+%)

lim f(£) = lim, (—12e7t + 10e/5313°e ==t 4 10e/53.13°e =B D)y (1)

= [~12 + 20 cos(—53.13%)](1) = 0

final — value theorem
0

lim sF(s) = Ii 100s(s + 3) _
s E () = I e o) (2 + 65 1 25)
lim flo) = tlim(—lZe‘“ + 10e /5313°e =Bt | 10e/5313°%e =B +HN)y (1) = 0

Therefore the initial and final values for this expression are 0
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